The spherical domains S d β with conical singularities are a convenient arena for studying the properties of tensor Laplacians on arbitrary manifolds with such a kind of singular points. In this paper the vector Laplacian on S d β is considered and its spectrum is calculated exactly for any dimension d. This enables one to find the Schwinger-DeWitt coefficients of this operator by using the residues of the ζ-function. In particular, the second coefficient, defining the conformal anomaly, is explicitly calculated on S d β and its generalization to arbitrary manifolds is found. As an application of this result, the standard renormalization of the one-loop effective action of gauge fields is demonstrated to be sufficient to remove the ultraviolet divergences up to the first order in the conical deficit angle.
Motivations and results
Quantum field theory on spaces M β with conical singularities is a research subject which recently many publications have been devoted to. Conical singularities are a set Σ of points near which M β have the structure C β × Σ where C β is a cone with an angle β. The well-known example of such situation in physics is a space-time around an idealized infinitely thin cosmic string [1] .
Spaces like M β appear in the black hole thermodynamics as well, and for this reason they have been carefully investigated in the last years. In the Gibbons-Hawking formulation [2] the free energy of a black hole is defined in terms of the gravitational action on the Euclidean black hole instanton. The regularity condition of such instantons near the Euclidean horizon picks up a period β of the imaginary time which is equal to the inverse Hawking temperature T
−1
H . On the other hand, the mass M of a black hole is uniquely related to its Hawking temperature T H and, hence the Hamiltonian describing quantum excitations on the black hole background depends on the temperature as well [3] . However, the statistical-mechanical definition of the entropy and other quantities usually requires calculation of the partial derivatives of the free energy on the temperature. For the black holes it implies that one has to deal with the temperatures which are different from the Hawking value and independent on the mass M. In this case the black hole instanton is a space like M β , and has a conical singularity on the Euclidean horizon Σ. The corresponding approach to the black hole thermodynamics is called the off-shell approach [4, 5] , because singular spaces do not obey the vacuum Einstein equations. In the Einstein gravity the off-shell derivation gives the correct Bekenstein-Hawking value for the black hole entropy [6] . The off-shell method can be also generalized to the higher-derivative gravity theories [7] and it enables one to get the black hole entropy which agrees with the other methods.
The search for the statistical-mechanical explanation of the black hole entropy [8] has given rise to the off-shell methods in the thermodynamics of quantum black holes (see for review [5] ). The methods, which use manifolds with conical singularities, were formulated and investigated for the static [10] - [12] , [5] and for the rotating black holes [13, 14] . On curved backgrounds the one-loop effective action W is defined in terms of the trace K(s) of the heat kernel for the Laplace operator △ of the corresponding field, by equation
where δ 2 is an ultraviolet cut-off. The important fact is that the conical singularities change the structure of the ultraviolet divergences W div of the action (1.1), which in four dimensions has the form
because the coefficients A n of the heat kernel expansion [15] K(s) = 1 (4πs) 2 acquire for n ≥ 1 the additional contributions in the form of integrals on the singular surface Σ [16] , [17] - [21] . As a consequence of this, the off-shell entropy of the quantum fields calculated on M β has the divergence proportional to the area of the horizon Σ. This phenomenon has been investigated in detail for scalar fields. In particular, by following the idea of Ref. [8] , the important property that the divergencies of the off-shell black hole entropy are completely removed under standard renormalization [22] of the Newton constant and other couplings in the bare gravitational action was proven [23] .
The analogous properties of the effective actions of higher spin fields are not wellunderstood so far. For the vector and Dirac fields the change of the coefficient A 1 in (1.3) because of conical singularities has been found in [24, 25] and the corresponding ultraviolet divergence is shown to be removed under renormalization of the Newton constant [24] - [26] , as in scalar case. However, as follows from the analysis of [25] , the heat kernel expansion for the spin 3/2 Laplacian and for the Lichnerowicz operator on M β has a feature which makes them different from the case of the scalar operator.
This paper studies the vector Laplacians on singular spaces M β and their implications in quantum theory. The way we have chosen is to consider these operators on d-dimensional spherical domains, denoted further as S d β , and find their spectrum exactly. Note that in general finding these spectra on curved manifolds is a quite difficult task, and backgrounds where it can be done exactly are of a particular interest.
The space S d β can be described by the metric β naturally appear in studying the finite-temperature quantum field theory in static de Sitter space [27] .
We show that the Laplace operator −∇ µ ∇ µ for the transverse vector field on S d β has the following spectrum 5) where γ = 2π/β, n = 0, 1, 2, ... when m = 1, ..., and n = 1, 2, .. when m = 0. The eigen-values with m = 0 have the degeneracy 6) while for m = 0 one has
Then, by using the properties of the ζ-function on S d β and an assumption about the structure of heat kernel coefficient A (1) 2 for the vector Hodge-deRham operator △
(1) we find explicitly the addition
to this coefficient on the arbitrary spaces M β with the conical singularities on Σ. Here, R is the scalar curvature and R ii , R ijij are invariants constructed of the components of the Riemann and Ricci tensors normal to Σ and computed near this surface. The knowledge of Eq.(1.8) enables one to make the conclusion that the heat-kernel coefficients of the vector Hodge-deRham operator have the same properties as those of the scalar Laplacians. In particular, the theorem of Ref. [23] about the renormalization of the entropy, calculated in the conical singularities method for scalar fields, also holds for vector fields. The paper is organized as follows. In Section 2 we start by considering the scalar Laplacian, and use this case to describe our strategy and derive some basic formulas. Section 3 is devoted to the spectrum of the vector Laplacian. The first A . We use to this aim the relation between the residues of the ζ-function and the Schwinger-DeWitt coefficients. The renormalization of the effective action of the vector fields on M β is discussed in Section 5 after that the results are summarized in Section 6. Some useful formula and technical details can be found in the Appendices A and B.
The method: spectrum of the scalar Laplacian
To find the spectra we will follow the method used in the literature for the Laplace operators on the hyperspheres S d (see for instance [28] 
where
has the form (1.4).
In spherical coordinates the vector field which is in the tangent space to S d has components V r = 0, V µ . For such a field one has the following relation [28, 29] 
between the Laplacian −∇ µ ∇ µ on the hypersphere S d with the radius r, and the Laplacian
. Therefore, by making use of (2.2) one can reduce the problem of finding the spectrum for the vector Laplacian on the hypersphere to the eigen-problem for the operator −∇ K ∇ K in the flat space, where the latter has a much more easy solution.
To show that the same method is applicable for the Laplace operator on the singular d-spheres S can be obtained from IR d+1 under identification of the points with the coordinates x K (τ ) and
. When β > 2π, one has at first to replace IR d+1 with the space IR d+1 ∞ , which has an infinite range for the polar coordinate τ defined in (2.1), and represents an analog of the Riemann sheet. Then IR d+1 β appears after the identification of the points x K (τ ) At first it is worth applying the above technique to find the spectrum for the scalar Laplacian on S 
We show below that for β ≤ 2π the eigen-functions φ ± n,m of this operator can be represented as homogeneous polynomials in the Cartesian coordinates
where [n/2] is the integer part of n/2, and C ±m i 1 ,...i n−2p are symmetric tensors. Note that the coordinates x ± , defined as
transform as x ± (τ + β) = e ±iβ x ± (τ ). The corresponding eigen-values for both φ + n,m and φ
and have the following degeneracy
and
To prove this result let us consider a polynomial of an arbitrary form
where ω and ρ are some constants which do not depend on n. This polynomial obeys the generalized boundary condition
and does not depend on r, ∂ ∂r φ n,ω,ρ = 0 . (2.10)
As it is easy to see the functions (2.8) belong to
A direct computation shows that φ n,ω,ρ are eigen-functions of the operator −∇
provided the following conditions: 
The total degeneracy D
l (d) corresponding to a given l is the sum
which can be checked with the help of the relation
The eigen-values (2.17) and degeneracies (2.18) coincide with the known results [28] . The spectrum of the scalar operator on S d β in the form (2.6), (2.7) was first established in [27] for the four-dimensional case.
Spectrum of the vector Laplacian 3.1 Eigen-values
We denote the Cartesian components of a vector with V K . For a vector from the tangent space to S d β , whose components are defined with respect to the spherical coordinates, the periodicity condition takes the simple form
while in the Cartesian frame it looks as
not perform the complete rotation when τ is increased by β.
On d-spheres the eigen-value problem for the vector Laplacian is reduced to the separate problems for the transversal and longitudinal components of the vector field V µ . The spectrum for the longitudinal part on S d β is completely determined by the scalar spectrum. This follows from the relation
where φ is a scalar field and R At first let us find out the general form of the eigen-vectors V L for the operator
The results of Section 2 can be helpful for this aim, if we consider the basis connected with the coordinates (x
instead of the components V d and V d+1 one has the components
which transform under rotations (3.2) as
Obviously, the components V L can be treated just as a set of scalar fields. Thus, it follows from Eqs.(2.8),(2.12) and conditions (2.13),(2.14) that vector eigen-modes can be written in the following form
where the quantities (V + Then all the components in (3.6) are in the Hilbert space L 2 (S d β ). The vector (3.6) has the required periodicity and it is constructed in such a way that all its components have the same eigen-value for given numbers n and m. It can be verified with the help of (2.12) that 8) provided the conditions 
The same condition for the covariant components in the spherical coordinates used in Eq.(3.3) reads 13) because the matrix which defines the relation
between two systems, scales as r. Eq.(3.13) does not change the action of the operator
Therefore
which gives the eigen-values Λ T n,m in Eq.(1.5).
Degeneracies
We must now ensure that the vector field (3.6) is transverse and it is in the tangent space to S d β . These conditions read 17) where in the Cartesian basis ∇ K = ∂/∂x K and ∇ ± = ∂/∂x ± . The first condition (3.16), after substitution of expression (3.6) takes the form
which is equivalent to a number of constraints
where 1 ≤ p ≤ [(n − 1)/2] and n > 1, and
Here (B {k ) m i 1 ,...,i n−2p } is the expression which is completely symmetric in the all lower indexes, namely, A by formulas (A.1)-(A.3) . Let us note that in this way we get the coefficients which by the construction obey relations (3.9)-(3.11). What is more non-trivial is that also Eqs. 
is twice of this number because apart (3.6) one can construct (by interchanging x + and x − in (3.6)) the analogous set of vectors with the same eigen-values.
In this case, as follows from Eqs.(3.9)-(3.11) and (3.7), the number of independent constants in (3.6) is completely determined by the number of independent quantities (B − ) (3.27) and coincide with the eigen-values for the transverse vectors in [28] . Analogously, the total degeneracy is obtained from the equation
with the help of summation formula (2.19) and it coincides with the result [28] .
4 Heat-coefficients of vector Hodge-deRham operator
Relation to ζ-function
We now consider ζ-function and heat-coefficients for the vector Hodge-deRham operator △ (1) which is defined as 
where the degeneracies are given by (3.24), (3.26) , while, according to Eq.(4.1), the eigen-
The ζ-function is known to be the key object of the one-loop quantum-field computations on curved backgrounds [22] . In the present paper we use this function to study the coefficients in the Schwinger-DeWitt expansion of the heat kernel operator
The quantities ζ T (z) and K T (s) are related via the Mellin transformation 5) where Γ(z) is the gamma-function. It enables one to express the coefficients A n in the asymptotic expansion of
in terms of the residues of the ζ-function [30] 
for an arbitrary large dimension d > 2n, and as
. We will be interested in the coefficients A 1 and A 2 because they are important for studying the ultraviolet divergences and conformal anomalies in four dimensions. The representation of the ζ-function which is convenient for using Eqs. (4.7) and (4.8) is found in Appendix B ζ
In these expressions
14)
B q are the Bernoulli numbers and quantities w p , w ′ p are defined as follows:
In the functions ζ i (z) we have put for simplicity a = 1, because the dependence on the radius a factorizes in a overall multiplier a 2z , and thus it can be restored in the end of calculation. The expressions (4.10)-(4.12) hold when z → 0, −1, −2, ... . Although these formulas look complicated, they are very convenient for our purpose. Indeed, under more close examination one can see that for ζ i (0) the series reduce to a finite sum, while in the limit z → −1, −2, ... the functions ζ i (z) have only a finite number of poles. In principle Eqs.(4.10)-(4.12) enable one to find the heat-kernel coefficients A n with the help of Eq.(4.7) for arbitrary d and n.
In particular, with the help of Eqs.(B.9)-(B.14) and after tedious but simple computations one obtains 
A 1 -coefficient
Consider now the complete coefficients A
n of the vector Hodge-deRham operator. On S d β they are the sumĀ
of the heat coefficientsĀ For the scalar Laplacian on a closed space M β with conical singularities having deficit angle 2π − β and forming the hypersurface Σ
where, as before, γ = 2π/β. The general expression of the vector coefficient is [25] A
β,1 are the corrections to the heat coefficients due to conical singularities. These corrections are proportional to the volume of the surface Σ, which is S 
A 2 -coefficient
The form of this coefficient in vector case is not yet known on singular spaces. On the smooth closed manifolds (see for instance [15, 31] ) Another interesting exercise is the comparison of (4.18) at the small deficit angle (γ ≃ 1) with the behaviour of A (1) 2 on manifolds with the "blunted" singularities [25] . Indeed, one can consider the coefficients (4.24) and (4.25) on a sequence of smooth manifoldsM β which converges to a space M β with conical singularities. We refer toM β as to manifolds with the blunted singularities. One can prove [7] that the following formulas: 
As it was shown in [23] , the same property holds in general for the coefficients of the scalar Laplacians (without curvature couplings). Hence, one can also conclude that 
where a k , b k and c k are numerical coefficients. This structure of Q β,2 results from considerations similar to those of Dowker [20] . Let the dimensionality of the parameter s in the Schwinger-DeWitt expansion be L 2 , where L is a length. Then, as it follows from (4.6), 
It would be interesting to confirm this result by the direct computations analogous to those of [19] , [21] without assumptions (4.36),(4.37).
Renormalization of the gauge effective action
Let us discuss now renormalization in quantum field theory on singular spaces M β . As it was mentioned in the Section 1 the geometrical structure of the divergences W div in quantum theory on curved backgrounds is determined by the coefficients A 0 , A 1 and A 2 , see (1.3). The effective action W for the gauge fields quantized with the gauge condition ∇ µ V µ = 0 is given in terms of the determinant of the Hodge-deRham operator by Eq.
(1.1), while the contribution of ghosts has the form of the determinant of the scalar Laplacian. It follows from the results of Ref. [25] and Eq.(4.38) for A
β,2 , that in the leading order in deficit angle (2π − β)
It means that one can approximate the coefficients on the singular spaces M β by their expressions on the corresponding smooth manifoldsM β . As for A 0 , it does not depend on conical singularities. Then Eq.(1.1) says that the same property is valid for the divergent part of the gauge action
Hence, in this order the one-loop divergences on M β are completely removed by the standard renormalization procedure [22] used on the smooth backgrounds, i.e. by the renormalization of the Newton constant and couplings by the terms R 2 , R 2 µν and R 2 µνλρ in the bare gravitational Lagrangian. The effective action of the scalar fields without curvature couplings has the analogous property [23] and, hence, so does the ghost action.
This conclusion is important for black hole thermodynamics in the off-shell formulation [6] - [14] . In this case M β appear as the Euclidean section of the corresponding Lorentzian space-times, Σ represents the Euclidean horizon and the imaginary time period β is associated with the inverse temperature of the system. The regularity condition β = 2π corresponds to the Hawking temperature. For off-shell computations of the black hole entropy S it is sufficient to use the decomposition of the effective action W near β = 2π up to the terms ∼ (2π − β). Our results mean that in case of gauge fields the ultraviolet divergences in S are removed under the standard renormalization of coupling constants in the bare gravitational action, analogously to scalar fields [23] . It also indicates the agreement between on-shell and off-shell computations of the thermodynamical quantities for black holes [5] .
Summary and perspectives
The main result of this paper is the exact computation of the spectrum (1.5)-(1.7) of the vector Laplacian on d-spheres S d β with the conical singularities. This is the generalization of the results obtained by Rubin and Ordonez [28] on usual spheres S d . The spectrum can be used now for the computation of the gauge one-loop effective action in terms of the ζ-function (4.9)-(4.12). This will be a development of works by Allen et al. [32] - [34] investigated the effective potential in gauge models in the de Sitter space.
In the present paper we used the spectrum (1.5)-(1.7) to compute the coefficients of the heat kernel expansion on S d β and to study their properties. Computation ofĀ (1) 1 confirms the results of [24] and [25] found by different methods. We have also calculated the second coefficientĀ (1) 2 on S d β and suggested its generalization (4.38) to arbitrary manifolds M β with conical singularities. This result is both new and important becauseĀ (1) 2 is related to the conformal anomaly.
Finally we have shown that the vector Hodge-deRham operator on M β has a number of properties analogous to those of the scalar Laplacian −∇ µ ∇ µ . The heat coefficients for small deficit angles can be approximated by the coefficients on the corresponding spaces with the blunted singularities. The immediate consequence of these properties is the validity for gauge fields of a renormalization theorem concerning the black hole entropy proven in [23] for scalar fields. The method employed here to find the spectrum (1.5)-(1.7) is straightforward but it is quite simple. It would be interesting to use it to get the spectra of the Laplacians of rank 2 symmetric tensors on S d β and to continue investigation of these operators on singular spaces started in [25] . Studying this problem is in progress.
where σ and C k (z) are defined by Eqs.(4.13),(4.14) respectively. Then, by taking into account definitions (4.15) and (4.16) we obtain ζ 1 (z) + ζ 2 (z) = 
